On the Solutions of the Diophantine Equation $x^n + y^n = z^n$ In the
  Finite Fields $\mathbb{Z}_p$ by Valdes, Silvia R. & Shvets, Yelena
ar
X
iv
:2
00
1.
03
15
9v
1 
 [m
ath
.N
T]
  9
 Ja
n 2
02
0
ON THE SOLUTIONS OF THE DIOPHANTINE
EQUATION xn + yn = zn IN THE FINITE FIELDS Zp.
SILVIA R. VALDES AND YELENA SHVETS
Abstract. Let p be a prime integer, Zp the finite field of order p
and Z∗
p
its multiplicative cyclic group. We consider the Diophan-
tine equation xn + yn = zn with 1 ≤ n ≤ p−1
2
.
Our main aim in this paper is to give best-possible conditions or re-
lationships between the exponent n and the prime p to determine
the existence of nontrivial solutions of the diophantine equation
x
n + yn = zn with 1 ≤ n ≤ p− 1, in finite fields Zp.
1. Problem Statement
Let p be a prime and let Zp be the finite field with p elements. Let’s
denote by Z∗p the multiplicative cyclic group of order p− 1, comprised
of the non-zero elements in Zp.
The purpose of this work is to give a means of algorithmically con-
structing all solutions to
(1.1) xn + yn ≡ zn (mod p),
or equivalently
(1.2) xn + yn = zn, in Z∗p
for all integer exponents n. The cyclic nature of the group Z∗p allows
us to restrict our consideration first to 1 ≤ n ≤ p − 1 and eventually
to 1 ≤ n ≤ p−1
2
.
More precisely, we develop a procedure which allows us, for any given
prime p, to enumerate the powers 1 ≤ n ≤ p − 1, for which the equa-
tion has non-trivial solutions, and for which it does not. It also enables
us to construct all such solutions, provided that a generator of Z∗p has
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been identified.
We start with an observation that given any solution (x0, y0, z0) of
(1.1), and any unit u ∈ Z∗p, a triple (u ·x0, u ·y0, u ·z0) is also a solution,
to which we refer as a u-multiple.
With this in mind, we observe that the following triples are always
solutions, for any positive integer n and any prime p:
• (0,0,0),
• (1,0,1),
• (0,1,1).
We call such solutions and their u-multiples trivial solutions.
If there is a solution of the form (x0, y0, 0), with x0, y0 ∈ Z
∗
p, then we
call this solution and its u-multiples, type-0 solutions.
Similarly, given any solution of the form (x0, y0, z0), with x0, y0, z0 ∈
Z∗p, we call this solution and its u-multiples, type-1 solutions. The name
is motivated by the observations that all such solutions are u-multiples
of a solution of the form (z−10 x0, z
−1
0 y0, 1).
2. General results
Here we provide a few general remarks that are relevant for both
types of non-trivial solutions. Observe that if p = 2 and n = p − 1,
then (1, 1, 0) is a type-0 solution of (1.1).
Remark 2.1 (n=1 and n=p). For any prime p, the equation (1.1) has
type-0 solutions for n = 1 and n = p. This is an immediate consequence
of Fermat’s Little Theorem:
ap ≡ a (mod p),
where a is any element in Z∗p.
Furthermore, for any prime p > 2, the equation (1.1) has type-1 solu-
tions for n = 1 and n = p.
Let x0 6= 1 ∈ Z
∗
p, then
x0 + (p+ 1− x0) ≡ 1 (mod p),
and (x0, p + 1 − x0, 1) is a type-1 solution of x + y ≡ z (mod p) and
xp + yp ≡ zp (mod p).
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Remark 2.2 (n=p-1). For p > 2 and n = p− 1, the equation (1.1) has
no non-trivial solutions in Zp. Which, once again follows from Fermat’s
Little Theorem:
ap−1 ≡ 1 (mod p),
where a ∈ Z∗p.
Lemma 2.3. Let 1 < t < p−1 with p > 2 and gcd(t, p−1) = 1. Then
the set of t’th powers in Zp is exactly as the set of the first powers and
hence any solution of x+y = z will give rise to a solution of xt+yt = zt .
Proof:
Let 0 6= a; 0 6= b in Zp with a 6= b. It is enough to prove that a
t 6= bt
in Zp. Thus the set {0, 1, 2
t, 3t, · · · , (p − 1)t} is exactly the same as
the set {0, 1, 2, 3, · · · , (p − 1)}. Assume that at ≡ bt (mod p) , then
(ab−1)t ≡ 1 (mod p). So if λ is the order of ab−1 , λ | t and λ | (p− 1);
that is, λ | gcd(t, p− 1), ie λ = 1, thus a = b, a contradiction.
Lemma 2.4. For k | (p− 1) the set of the k-powers of elements in Z∗p,
where p > 2, constitute the unique cyclic subgroup of Z∗p of order
p−1
k
.
Proof:
Let 0 6= a in Zp with |a| = p − 1; that is, Z
∗
p =< a > . Thus a
k
has order p−1
k
. Let b = ak, then < b >= {b, b2, · · · , b
p−1−k
k , b
p−1
k } the
unique subgroup of Z∗p of order
p−1
k
. Now if 0 6= x0 in Zp with x0 ≡ t
k
(mod p) with t ∈ Z∗p, then x
p−1
k
0 ≡ 1 (mod p). Thus λ, the order of x0
is a divisor of p−1
k
, we write p−1
k
= λ · δ with δ ≥ 1. Because < x0 > is
a subgroup of < b >, we have to consider x0 = b
δ = akδ, and the result
follows.
Recall that in general, if a has order k modulo p and h > 0, then
ah has order k
gcd(h,k)
(mod p) ([1] Theorem 8.3). Observe that since
a−k ∈< b >, and a−k = ap−1−k. The set of the k-powers of elements in
Z∗p equal the set of all p− 1− k-powers of elements in Z
∗
p.
With this in mind we see that it is enough to consider the k-powers
of elements in Z∗p with 1 ≤ k <
p−1
2
. The special case when k = p−1
2
will be addressed in section 4.
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Remark 2.5. Let q be a prime such that qs | (p− 1) and qs+l ∤ (p− 1),
for all l ≥ 1. In that case the set of the qs+l- powers of elements in Z∗p
is exactly as the set of the qs-powers of elements in Z∗p.
Let Z∗p =< a >. The set of the q
s- powers of elements in Z∗p is the
subgroup < b > with b = aq
s
of order λ = p−1
qs
of Z∗p. Now let c = a
qs+l.
|c| = p−1
gcd(qs+l,p−1)
= p−1
gcd(qs+l,qsλ)
= p−1
qs
= λ. Since c ∈< b > and
| < c > | = λ = | < b > | we must have < c >=< b >.
Similarly, under the same assumptions, it can be seen that if gcd(m, p−
1) = 1, the the group of the qs×m-powers of elements in Z∗p is exactly
the same as the group of qs powers.
The following remark provides a generalization.
Remark 2.6. Let t ∤ (p− 1) with gcd(t, p− 1) = d > 1. We write t = dl
with 1 < l < p− 1 and p− 1 = ds = t
l
s.
Here we have a couple of cases:
(i) If gcd(l, p− 1) = 1, then the set of the t-powers of elements of
Z∗p is exactly as the set of the d-powers of elements of Z
∗
p, which
is a subgroup of order p−1
d
.
(ii) If gcd(l, p − 1) = x > 1, then the set of t-powers of elements
of Z∗p would be a subset of the subgroup of the d-powers and a
subset of the subgroup of the x-powers.
For example: Let p = 23, and t = 8. In this case we are in case (ii)
of the previous remark with d = 2, l = 4.
Remark 2.7. Let Z∗p =< a > be the cyclic group of the nonzero elements
of the finite field Zp, and U(Zp−1) be the group of units of the finite
ring Zp−1.
Consider the following function
Z∗p −→ U(Zp−1), defined by
a −→ loga(a) = 1
b = aµ −→ loga(b) = loga(a
µ) = µ
with b any element of Z∗p and µ the least such power.
We also have an inverse mapping:
U(Zp−1) −→ Z
∗
p
1 −→ a1 = a
λ −→ aλ
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Remark 2.8. Let p be an odd prime, then there are the following cases:
(i) If p ≡ 1 (mod 4), if a is a generator of Z∗p, then −a is also a
generator.
(ii) If p ≡ 3 (mod 4), if a is a generator of Z∗p, then −a is an ele-
ment of order p−1
2
. That is, −a generates the subgroup of the
2nd-powers of elements in Z∗p.
To address statements (1) and (2) of remark 3.8 (above), consider
the following:
Since a is a generator of Z∗p, a
p−1 ≡ 1 (mod p), then a(p−1)/2 ≡
−1 (mod p); that is, −a ≡ a(p+1)/2 (mod p).
In part (1) p = 4k + 1, then −a ≡ a2k+1 (mod p), hence −a has
order p−1
gcd(2k+1,p−1)
= p−1
gcd(2k+1,4k)
= p− 1 ([1], theorem 8.3).
In part (2) p = 4k + 3, then −a ≡ a2k+2 (mod p), hence −a has
order p−1
gcd(2k+2,4k+2)
= p−1
2
([1], theorem 8.3).
3. Type-0 solutions
Observe that given a type-0 solution (x0, y0, 0), of (1.1), (x0, y0) also
solves:
(3.1) xn + yn ≡ 0 (mod p).
In that case, y−10 x0 solves:
(3.2) xn ≡ −1 (mod p).
Remark 3.1. [n = p−1
2
] For any prime p, the equation xn + yn ≡ zn
(mod p) has a nontrivial type-0 solution. This is a direct consequence
of Fermat’s little Theorem. That is,
a
p−1
2 ≡ ±1 (mod p)
Lemma 3.2. Let p be an odd prime. Consider the equation xn + yn ≡
zn (mod p), with 1 ≤ n ≤ p−1
2
. This equation has a type-0 solution
if and only if −1 is an n-th power. With this in mind, we have the
following cases:
(i) if n is odd, then there is a type-0 solution;
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(ii) if n = 2k with k ≥ 1, then a type-0 solution exists if and only
if Z∗p has an element of order 2
k+1; equivalently, if and only if
p ≡ 1 (mod 2k+1);
(iii) if n = 2k · t with k ≥ 1 and t > 1, an odd integer, then a type-0
solution exists if and only if Z∗p has an element of order 2
k+1;
equivalently, if and only if p ≡ 1 (mod 2k+1).
Proof:
By observations above remark (3.1), we will work with the equation
xn ≡ −1 (mod p).
(i) If n is odd, (p − 1)n = (−1)n = −1 then p − 1 is a desired type-0
solution. Moreover, if a = wn, then the pairs (w,−w) is another such
solution.
(ii) Let n = 2k, we know that xn ≡ −1 (mod p) has a solution if and
only if
(−1)(p−1)/gcd(2
k ,p−1) ≡ 1 (mod p), ([6], page 165). This, in particular,
implies that (p−1)/gcd(2k, p−1) is even. So we can let p = (2k+1)·ℓ+r,
where r = 1, 3, 5, . . . , 2k+1 − 1.
We can then write p − 1 = (2k+1) · ℓ + (r − 1). Let r − 1 = 2k1 · t
for some 1 ≤ k1 ≤ k and t an odd number or zero. In that case
gcd(2k, p− 1) = 2k1 .
Now we write p−1
gcd(2k ,p−1)
= (2
k+1)·ℓ+(2k1 )·t
2k1
= (2(k−k1)+1) · ℓ+ t, which is
even.
This can happen if and only if t = 0 and so r = 1, giving us
p− 1 = 2k+1 · ℓ ⇐⇒ p ≡ (mod 2k+1)
.
(iii) This follows from (i) and (ii) since for odd t,
w2
k
·t = (w2
k
)t ≡ −1 (mod p) ⇐⇒ (w2
k
) ≡ −1 (mod p)
.
Observe that if n = 2, we have that following equivalent statements:
(i) The equation x2 + 1 = 0 has a solution in Z∗p;
(ii) Z∗p has an element of order 4;
(iii) p is an odd prime with p ≡ 1 (mod 4);
Z∗p has an element of order 4 if and only if 4 | (p − 1) if and only
p− 1 = 4t for some integer t if and only if p ≡ 1 (mod 4).
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Remark 3.3. Lemma 3.2 can be restated as: Let p be an odd prime.
For n even, the equation xn + 1 = 0, has a solution in Z∗p, if and only
if the cyclic group Z∗p has an element of order 2n.
Lemma 3.4. The equation xn = −1 has a solution in Z∗p =< a > if
and only if 0Zp ∈ {< b > +1} where < b > is the cyclic subgroup of Z
∗
p
of order p−1
n
.
Proof:
Let w0 be a solution of the equation x
n = −1 in Z∗p, ie w0 + 1 = 0;
that is w0 + 1 ∈ {< b > +1} with w0 ∈< b >. By the other hand, if
0 ∈ {< b > +1}, then 0 = bt + 1 with bt ∈< b > (1 ≤ t ≤ p−1
n
and
b = an); then 0 = (at)n + 1 with at ∈ Z∗p. That is, a
t is the desire
solution.
We combine the above results in the following theorem:
Theorem 3.5. let p be an odd prime. Let Z∗p be the multiplicative
cyclic group of the finite field Zp. Let n | (p− 1), with n even, then the
following statements are equivalent.
(1) The equation xn + yn = 0 has a nontrivial type-0 solution.
(2) The cyclic group Z∗p has an element of order 2n.
(3) 0Zp ∈ {< b > +1}, where < b > is the cyclic subgroup of Z
∗
p of
order p−1
n
.
4. Type-1 solutions
Observe that given a type-1 solution (x0, y0, z0) of our initial dio-
phantine equation xn + yn = zn, we have that y−10 xn solves
(4.1) xn + 1 = zn.
Conversely, any solution (x0, z0) of the last equation will produce a
solution of original equation, of the form with (y0x0, y0, y0z0) where y0
is any element of Z∗p.
Remark 4.1. Alternatively, the solutions of the initial diophantine equa-
tion xn + yn = zn are in one-to-one correspondence with the solutions
of:
(4.2) xn + yn = 1
by using z−10 x0.
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From the results exhibited in section 2 we know that our work will
be focused on the existence of solutions of xn+1 = zn (or xn+ yn = 1)
for n | (p− 1) with 1 < n < p− 1.
We observe the following:
(1) Let 1 < n < p− 1, and let (u, v) be a solution of 1 + xn = zn.
If n is even, then (−u,−v) is a solution of 1 + xn = zn.
If n is odd, then (p− v, p− u) is a solution of 1 + xn = zn.
(2) Let n = p−1
2
− k and t = p−1
2
+ k, then (u, v) is a solution of
1 + xn = zn if and only if (u−1, v−1) is a solution of 1 + xt = zt. This
observation is also true for the Type-0 solutions.
Therefore, considering the symmetries of the group Z∗p, it is enough
to focus our study on the existence of the solutions of the equations
described above when 1 < n < p−1
2
.
From the results in section 2, we already know when the diophantine
equation has type-0 solutions. Now we exhibit an algorithm, which is
going to give us the exponent(s) for which the diophantine equation
has type-1 solutions, and a way to generate such solutions. This algo-
rithm, which we call “next in line”, is described below.
Let a be any generator of Z∗p, ie Z
∗
p =< a >. It’s worth remarking
that among the 78498 odd primes up to 106, the cyclic group Z∗p has a
generator less than or equal to 6 ([1], page 156).
Raise the generator to each of the powers 1 to p − 1, modulo p, and
sort the resulting array:
1 2 · · · p−1
2
p+1
2
· · · p− 2 p− 1
x


y
x


y · · ·
x


y
x


y · · ·
x


y
x


y
aα1 aα2 · · · a
α p−1
2 a
α p+1
2 · · · aαp−2 aαp−1
with αi ∈ {1, 2, 3, · · · , p − 1}. Also, we observe that: α1 = p − 1 and
αp−1 =
p−1
2
.
Consider x = aα and y = x+1 = aβ ; that is, x and y are two consecu-
tive elements in Zp. Notice also that a
α ≡ aα+k(p−1) (mod p), for any
integer k.
Let d = gcd(α, β); we write α = dta and β = dtb with ta and tb
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integers and gcd(ta, tb) = 1.
aβ = aα + 1, in Zp, can be written as
(atb)d = (ata)d + 1, in Zp.
That is, (ata , atb) is a nontrivial type-1 solution of the equation (1.2)
with n = d, since
xd + 1 = yd, in Zp.
Moreover, if e is any divisor of d; that is, d = ee1, then (a
tae1, atbe1) is
a nontrivial solution type-1 of the equation (1.2) with n = e, since
xe + 1 = ye, in Zp.
Lastly, we note that we only need to consider 1 ≤ α, β ≤ (p−1)
2
2
. This
follows because we are only interested in the exponents 1 ≤ d ≤ p−1
2
,
while we can take 1 ≤ ta, tb ≤ (p − 1), because of the cyclic nature of
Z∗p.
Here is a schematic presentation of one step of the algorithm. Notice
that it involves (p−1)2/4 applications of the Euclidean Algorithm. We
will have to repeat this for every 1 ≤ α ≤ (p− 1).
0
0
aα aα + (p−1) aα + 2(p−1) a
α +
(p−1)
2
(p−1)...
aβ aβ + (p−1) aβ + 2(p−1) a
β +
(p−1)
2
(p−1)...
5. Examples
Below we show two examples for p = 17 = 24 + 1 and p = 23 =
2∗11+1. The solutions were computed using a Python implementation
of the algorithm. We chose these primes because the structure of Z∗17
and Z∗23 are essentially different in ways which are typical. The layout of
the tables should make clear the structural relationships in the solutions
for different powers n which are detailed in sections (3) and (4).
Recall that if xn+yn = zn then for any non-zero element u ∈ Z∗p, we
also have (u ·x)n+(u ·y)n = (u ·z)n. Consequently we only need to find
the basics type-0 solutions xn + 1 = 0 and the basic type-1 solutions
xn + 1 = zn.
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Example 1: p = 17, p− 1 = 24.
In each odd power n, we will only have one basic type-0 solution:
16n + 1 = 0.
Table 1. Basic type-0 solutions in even powers Z17 .
n =2 n =2*3 n =2*5 n =2*7
132 + 1 = 0 136 + 1 = 0 1310 + 1 = 0 1314 + 1 = 0
42 + 1 = 0 46 + 1 = 0 410 + 1 = 0 414 + 1 = 0
n =4 n =4*3
94 + 1 = 0 912 + 1 = 0
84 + 1 = 0 812 + 1 = 0
n =8
38 + 1 = 0
148 + 1 = 0
As for the basic type-1 solutions, we list them below in two separate
tables: for even then for odd n’s.
Notice that there are no type-1 solutions in powers 4, 8, 12, 16.
Table 2. Basic type-1 solutions in even powers n in Z17 .
n = 2 n = 14
12 + 1 = 62 162 + 1 = 112 114 + 1 = 314 1614 + 1 = 1414
12 + 1 = 112 162 + 1 = 62 114 + 1 = 1414 1614 + 1 = 314
52 + 1 = 32 122 + 1 = 142 714 + 1 = 614 1014 + 1 = 1114
52 + 1 = 142 122 + 1 = 32 714 + 1 = 1114 1014 + 1 = 614
72 + 1 = 42 102 + 1 = 132 514 + 1 = 1314 1214 + 1 = 414
72 + 1 = 132 102 + 1 = 42 514 + 1 = 414 1214 + 1 = 1314
n = 6 n = 10
16 + 1 = 56 166 + 1 = 126 110 + 1 = 710 1610 + 1 = 1010
16 + 1 = 126 166 + 1 = 56 110 + 1 = 1010 1610 + 1 = 710
36 + 1 = 46 146 + 1 = 136 610 + 1 = 1310 1110 + 1 = 410
36 + 1 = 136 146 + 1 = 46 610 + 1 = 410 1110 + 1 = 1310
66 + 1 = 76 116 + 1 = 106 310 + 1 = 510 1410 + 1 = 1210
66 + 1 = 106 116 + 1 = 76 310 + 1 = 1210 1410 + 1 = 510
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Table 3. Basic type-1 solutions in odd powers n in Z17 .
n = 1 n = 15
11 + 1 = 21 151 + 1 = 161 115 + 1 = 915 815 + 1 = 1615
21 + 1 = 31 141 + 1 = 151 915 + 1 = 615 1115 + 1 = 815
31 + 1 = 41 131 + 1 = 141 615 + 1 = 1315 415 + 1 = 1115
41 + 1 = 51 121 + 1 = 131 1315 + 1 = 715 1015 + 1 = 415
51 + 1 = 61 111 + 1 = 121 715 + 1 = 315 1415 + 1 = 1015
61 + 1 = 71 101 + 1 = 111 315 + 1 = 515 1215 + 1 = 1415
71 + 1 = 81 91 + 1 = 101 515 + 1 = 1515 215 + 1 = 1215
81 + 1 = 91 81 + 1 = 91 1515 + 1 = 215 1515 + 1 = 215
n = 3 n = 13
13 + 1 = 83 93 + 1 = 163 113 + 1 = 1513 213 + 1 = 1613
23 + 1 = 153 23 + 1 = 153 913 + 1 = 813 913 + 1 = 813
33 + 1 = 123 53 + 1 = 143 613 + 1 = 1013 713 + 1 = 1113
43 + 1 = 103 73 + 1 = 133 1313 + 1 = 1213 513 + 1 = 413
53 + 1 = 143 33 + 1 = 123 713 + 1 = 1113 613 + 1 = 1013
63 + 1 = 43 133 + 1 = 113 313 + 1 = 1313 413 + 1 = 1413
73 + 1 = 133 43 + 1 = 103 513 + 1 = 413 1313 + 1 = 1213
83 + 1 = 73 103 + 1 = 93 1513 + 1 = 513 1213 + 1 = 213
n = 5 n = 11
15 + 1 = 155 25 + 1 = 165 111 + 1 = 811 911 + 1 = 1611
25 + 1 = 165 15 + 1 = 155 911 + 1 = 1611 111 + 1 = 811
35 + 1 = 105 75 + 1 = 145 611 + 1 = 1211 511 + 1 = 1111
45 + 1 = 35 145 + 1 = 135 1311 + 1 = 611 1111 + 1 = 411
55 + 1 = 25 155 + 1 = 125 711 + 1 = 911 811 + 1 = 1011
65 + 1 = 95 85 + 1 = 115 311 + 1 = 211 1511 + 1 = 1411
75 + 1 = 145 35 + 1 = 105 511 + 1 = 1111 611 + 1 = 1211
85 + 1 = 115 65 + 1 = 95 1511 + 1 = 1411 311 + 1 = 211
n = 7 n = 9
17 + 1 = 97 87 + 1 = 167 19 + 1 = 29 159 + 1 = 169
27 + 1 = 57 127 + 1 = 157 99 + 1 = 79 109 + 1 = 89
37 + 1 = 77 107 + 1 = 147 69 + 1 = 59 129 + 1 = 119
47 + 1 = 67 117 + 1 = 137 139 + 1 = 39 149 + 1 = 49
57 + 1 = 37 147 + 1 = 127 79 + 1 = 69 119 + 1 = 109
67 + 1 = 87 97 + 1 = 117 39 + 1 = 159 29 + 1 = 149
77 + 1 = 47 137 + 1 = 107 59 + 1 = 139 49 + 1 = 129
87 + 1 = 167 17 + 1 = 97 159 + 1 = 169 19 + 1 = 29
Example 2: p = 23, p− 1 = 2 ∗ 11.
We have no type-0 solutions in any even power and, in each odd power
n, we only have one basic type-0 solution:
22n + 1 = 0.
For type-1 solutions, we list all the basic solutions, first in even, then
in odd powers n:
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Table 4. Basic type-1 solutions in even powers n in Z23 .
n = 2 n = 20
12 + 1 = 52 222 + 1 = 182 120 + 1 = 1420 2220 + 1 = 920
12 + 1 = 182 222 + 1 = 52 120 + 1 = 920 2220 + 1 = 1420
52 + 1 = 72 182 + 1 = 162 1420 + 1 = 1020 920 + 1 = 1320
52 + 1 = 162 182 + 1 = 72 1420 + 1 = 1320 920 + 1 = 1020
72 + 1 = 22 162 + 1 = 212 1020 + 1 = 1220 1320 + 1 = 1120
72 + 1 = 212 162 + 1 = 22 1020 + 1 = 1120 1320 + 1 = 1220
92 + 1 = 62 142 + 1 = 172 1820 + 1 = 420 520 + 1 = 1920
92 + 1 = 172 142 + 1 = 62 1820 + 1 = 1920 520 + 1 = 420
102 + 1 = 32 132 + 1 = 202 720 + 1 = 820 1620 + 1 = 1520
102 + 1 = 202 132 + 1 = 32 720 + 1 = 1520 1620 + 1 = 820
n = 4 n = 18
14 + 1 = 84 224 + 1 = 154 118 + 1 = 318 2218 + 1 = 2018
14 + 1 = 154 224 + 1 = 84 118 + 1 = 2018 2218 + 1 = 318
34 + 1 = 114 204 + 1 = 124 818 + 1 = 2118 1518 + 1 = 218
34 + 1 = 124 204 + 1 = 114 818 + 1 = 218 1518 + 1 = 2118
44 + 1 = 54 194 + 1 = 184 618 + 1 = 1418 1718 + 1 = 918
44 + 1 = 184 194 + 1 = 54 618 + 1 = 918 1718 + 1 = 1418
64 + 1 = 74 174 + 1 = 164 418 + 1 = 1018 1918 + 1 = 1318
64 + 1 = 164 174 + 1 = 74 418 + 1 = 1318 1918 + 1 = 1018
84 + 1 = 44 154 + 1 = 194 318 + 1 = 618 2018 + 1 = 1718
84 + 1 = 194 154 + 1 = 44 318 + 1 = 1718 2018 + 1 = 618
n = 6 n = 16
16 + 1 = 46 226 + 1 = 196 116 + 1 = 616 2216 + 1 = 1716
16 + 1 = 196 226 + 1 = 46 116 + 1 = 1716 2216 + 1 = 616
46 + 1 = 96 196 + 1 = 146 616 + 1 = 1816 1716 + 1 = 516
46 + 1 = 146 196 + 1 = 96 616 + 1 = 516 1716 + 1 = 1816
56 + 1 = 116 186 + 1 = 126 1416 + 1 = 2116 916 + 1 = 216
56 + 1 = 126 186 + 1 = 116 1416 + 1 = 216 916 + 1 = 2116
66 + 1 = 86 176 + 1 = 156 416 + 1 = 316 1916 + 1 = 2016
66 + 1 = 156 176 + 1 = 86 416 + 1 = 2016 1916 + 1 = 316
96 + 1 = 76 146 + 1 = 166 1816 + 1 = 1016 516 + 1 = 1316
96 + 1 = 166 146 + 1 = 76 1816 + 1 = 1316 516 + 1 = 1016
n = 8 n = 14
18 + 1 = 108 228 + 1 = 138 114 + 1 = 714 2214 + 1 = 1614
18 + 1 = 138 228 + 1 = 108 114 + 1 = 1614 2214 + 1 = 714
28 + 1 = 88 218 + 1 = 158 1214 + 1 = 314 1114 + 1 = 2014
28 + 1 = 158 218 + 1 = 88 1214 + 1 = 2014 1114 + 1 = 314
78 + 1 = 98 168 + 1 = 148 1014 + 1 = 1814 1314 + 1 = 514
78 + 1 = 148 168 + 1 = 98 1014 + 1 = 514 1314 + 1 = 1814
108 + 1 = 28 138 + 1 = 218 714 + 1 = 1214 1614 + 1 = 1114
108 + 1 = 218 138 + 1 = 28 714 + 1 = 1114 1614 + 1 = 1214
118 + 1 = 48 128 + 1 = 198 2114 + 1 = 614 214 + 1 = 1714
118 + 1 = 198 128 + 1 = 48 2114 + 1 = 1714 214 + 1 = 614
n = 10 n = 12
110 + 1 = 1110 2210 + 1 = 1210 112 + 1 = 2112 2212 + 1 = 212
110 + 1 = 1210 2210 + 1 = 1110 112 + 1 = 212 2212 + 1 = 2112
210 + 1 = 710 2110 + 1 = 1610 1212 + 1 = 1012 1112 + 1 = 1312
210 + 1 = 1610 2110 + 1 = 710 1212 + 1 = 1312 1112 + 1 = 1012
310 + 1 = 510 2010 + 1 = 1810 812 + 1 = 1412 1512 + 1 = 912
310 + 1 = 1810 2010 + 1 = 510 812 + 1 = 912 1512 + 1 = 1412
810 + 1 = 610 1510 + 1 = 1710 312 + 1 = 412 2012 + 1 = 1912
810 + 1 = 1710 1510 + 1 = 610 312 + 1 = 1912 2012 + 1 = 412
1110 + 1 = 810 1210 + 1 = 1510 2112 + 1 = 312 212 + 1 = 2012
1110 + 1 = 1510 1210 + 1 = 810 2112 + 1 = 2012 212 + 1 = 312
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Table 5. Basic type-1 solutions in odd powers n in Z23 .
n=1 n=21
11 + 1 = 21 211 + 1 = 221 121 + 1 = 1221 1121 + 1 = 2221
21 + 1 = 31 201 + 1 = 211 1221 + 1 = 821 1521 + 1 = 1121
31 + 1 = 41 191 + 1 = 201 821 + 1 = 621 1721 + 1 = 1521
41 + 1 = 51 181 + 1 = 191 621 + 1 = 1421 921 + 1 = 1721
51 + 1 = 61 171 + 1 = 181 1421 + 1 = 421 1921 + 1 = 921
61 + 1 = 71 161 + 1 = 171 421 + 1 = 1021 1321 + 1 = 1921
71 + 1 = 81 151 + 1 = 161 1021 + 1 = 321 2021 + 1 = 1321
81 + 1 = 91 141 + 1 = 151 321 + 1 = 1821 521 + 1 = 2021
91 + 1 = 101 131 + 1 = 141 1821 + 1 = 721 1621 + 1 = 521
101 + 1 = 111 121 + 1 = 131 721 + 1 = 2121 221 + 1 = 1621
111 + 1 = 121 111 + 1 = 121 2121 + 1 = 221 2121 + 1 = 221
n = 3 n = 19
13 + 1 = 163 73 + 1 = 223 119 + 1 = 1319 1019 + 1 = 2219
23 + 1 = 63 173 + 1 = 213 1219 + 1 = 419 1919 + 1 = 1119
33 + 1 = 193 43 + 1 = 203 819 + 1 = 1719 619 + 1 = 1519
43 + 1 = 203 33 + 1 = 193 619 + 1 = 1519 819 + 1 = 1719
53 + 1 = 103 133 + 1 = 183 1419 + 1 = 719 1619 + 1 = 919
63 + 1 = 53 183 + 1 = 173 419 + 1 = 1419 919 + 1 = 1919
73 + 1 = 223 13 + 1 = 163 1019 + 1 = 2219 119 + 1 = 1319
83 + 1 = 143 93 + 1 = 153 319 + 1 = 519 1819 + 1 = 2019
93 + 1 = 153 83 + 1 = 143 1819 + 1 = 2019 319 + 1 = 519
103 + 1 = 133 103 + 1 = 133 719 + 1 = 1619 719 + 1 = 1619
113 + 1 = 73 163 + 1 = 123 2119 + 1 = 1019 1319 + 1 = 219
n = 5 n = 17
15 + 1 = 65 175 + 1 = 225 117 + 1 = 417 1917 + 1 = 2217
25 + 1 = 205 35 + 1 = 215 1217 + 1 = 1517 817 + 1 = 1117
35 + 1 = 215 25 + 1 = 205 817 + 1 = 1117 1217 + 1 = 1517
45 + 1 = 35 205 + 1 = 195 617 + 1 = 817 1517 + 1 = 1717
55 + 1 = 175 65 + 1 = 185 1417 + 1 = 1917 417 + 1 = 917
65 + 1 = 185 55 + 1 = 175 417 + 1 = 917 1417 + 1 = 1917
75 + 1 = 125 115 + 1 = 165 1017 + 1 = 217 2117 + 1 = 1317
85 + 1 = 75 165 + 1 = 155 317 + 1 = 1017 1317 + 1 = 2017
95 + 1 = 25 215 + 1 = 145 1817 + 1 = 1217 1117 + 1 = 517
105 + 1 = 55 185 + 1 = 135 717 + 1 = 1417 917 + 1 = 1617
115 + 1 = 165 75 + 1 = 125 2117 + 1 = 1317 1017 + 1 = 217
n = 7 n = 15
17 + 1 = 37 207 + 1 = 227 115 + 1 = 815 1515 + 1 = 2215
27 + 1 = 107 137 + 1 = 217 1215 + 1 = 715 1615 + 1 = 1115
37 + 1 = 67 177 + 1 = 207 815 + 1 = 415 1915 + 1 = 1515
47 + 1 = 137 107 + 1 = 197 615 + 1 = 1615 715 + 1 = 1715
57 + 1 = 167 77 + 1 = 187 1415 + 1 = 1315 1015 + 1 = 915
67 + 1 = 97 147 + 1 = 177 415 + 1 = 1815 515 + 1 = 1915
77 + 1 = 187 57 + 1 = 167 1015 + 1 = 915 1415 + 1 = 1315
87 + 1 = 27 217 + 1 = 157 315 + 1 = 1215 1115 + 1 = 2015
97 + 1 = 77 167 + 1 = 147 1815 + 1 = 1015 1315 + 1 = 515
107 + 1 = 197 47 + 1 = 137 715 + 1 = 1715 615 + 1 = 1615
117 + 1 = 47 197 + 1 = 127 2115 + 1 = 615 1715 + 1 = 215
n = 9 n = 13
19 + 1 = 99 149 + 1 = 229 113 + 1 = 1813 513 + 1 = 2213
29 + 1 = 179 69 + 1 = 219 1213 + 1 = 1913 413 + 1 = 1113
39 + 1 = 119 129 + 1 = 209 813 + 1 = 2113 213 + 1 = 1513
49 + 1 = 159 89 + 1 = 199 613 + 1 = 2013 313 + 1 = 1713
59 + 1 = 189 59 + 1 = 189 1413 + 1 = 913 1413 + 1 = 913
69 + 1 = 219 29 + 1 = 179 413 + 1 = 1113 1213 + 1 = 1913
79 + 1 = 69 179 + 1 = 169 1013 + 1 = 413 1913 + 1 = 1313
89 + 1 = 199 49 + 1 = 159 313 + 1 = 1713 613 + 1 = 2013
99 + 1 = 139 109 + 1 = 149 1813 + 1 = 1613 713 + 1 = 513
109 + 1 = 149 99 + 1 = 139 713 + 1 = 513 1813 + 1 = 1613
119 + 1 = 109 139 + 1 = 129 2113 + 1 = 713 1613 + 1 = 213
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6. Conclusion
This work provides new theoretical results about the nature of the
solutions of the Diophantine equation xn + yn = zn in the finite fields
Zp and their relationship with the prime p. It also describes an algo-
rithmic means of constructing all such solutions. The algorithm is not
optimal, it can clearly be made more efficient, yet it works reasonably
fast for prime numbers which are not too big.
It would interesting to extend this work to a more general setting.
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